The Pell numbers are generated by the Lucas Sequence:
X, =PX, 1 —QX, o with (P,Q) = (2,—1) and D = P? — 4Q = 8.
There are:

o The Pell Sequence: U,, = 2U,,_1 + U,,_5 with (Up, U;) = (0, 1), and
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o The Companion Pell Sequence: V,, = 2V,,_1 + V,,_5 with (V5, V1) = (2,2).

The properties of Lucas Sequences (named from Edouard Lucas) are studied
since hundreds of years. Paulo Ribenboim and H.C. Williams provided the
properties of Lucas Sequences in their 2 famous books: ”The Little Book of
Bigger Primes” (PR) and "Edouard Lucas and Primality Testing” (HCW).

The goal of this paper is to gather all known properties of Pell numbers in
order to try proving a faster Primality test of Fermat numbers. Though these
properties are detailed in the Ribenboim’s and Williams’ books, the special

values of (P, Q) lead to new properties.

Properties from Ribenboim’s book are noted: (PR).
Properties from Williams’ book are noted: (HCW).

Properties built by myself are noted: (TR).

n|{-3[-2/-1{0/1/23]|4|5]| 6 7 8 9 10
U, 5 (-2 1]0|1]2]5 [12]29] 70 | 169 | 408 | 985 | 2378
Vi |-1416 |-2|2 6|14 |34 | 82| 198 | 478 | 1154 | 2786 | 6726

Table 1: First Pell numbers

1  General properties of Pell numbers

1.1 The Little Book of Bigger Primes

The polynomial X? — 2X — 1 has discriminant D = 8 and roots:
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a+p =2
aff = —
a—f =2v2
and we define the sequences of numbers:
U, = o= and V, =a" + " forn > 0.
a—p

Hereafter, n and m represent any positive or negative integer.
)
p represents a prime number.

The properties provided by P. Ribenboim have been extended for negative
values of n of U, and V,, :

U_, =(-1)""U,
Vo, = (—=1)"V,

(PR) IV.1 U, =2Un 1 +Ups Up=0,U, =1
V=2V 1+ Vio ‘/():27‘/1:2

(PR) IV.2 Uy, = U,V
Van = Vn2 - 2(_1>n

(PR) IV.3 Upin = UV — (—=1)"Ups
Vm+n = van - (_1)nvmfn

(PR)IVA Upin = UnUnss + Un_1U,
Wiin = VinViy + 8Un U,

(PR) IV.5 AU, = Vpp1 — Vi,
AU, =V, +V, 1
8U, = Vn+1 + Vit
Vo= 2( n+1l — )
Vo =2(U, +U,_1)
Vn = Un+1 + Un—l
(PR) IV.6 U2 = Uy, 1Upyy — (—1)
V2= 4202 + (—1)*) or V2 —8U2 = (—1)4



(PR) IV.7 UnVi — UpnVin = 2(=1)"Upp_

(PR) IV.8 U, = L2l 2
Vo = 22‘@/% ( 1)21
=2y (32

(PR) IV.9
m odd 23m-)/2ym — Z(m 2 /2( )<_1)kiUk(m—2i)

meven 2RO = S (1) () Vi — () (<)

m/2

Vit = ZZ/OZ (T)(_l)kzvk(m—%) - (m%)(_l)kmﬂ
(PR) IV.10
modd Uy, = 2 (1)1, g + (1) D)2
Un=Vin1 = Vs +..£WF1
U, = 22[(m+1 /4] Voo ai + 1
U, = 2(Vm_2 4+ Ve + Vin_10 + ) +1
m even Up = Z?i/lz(—l)i+lvm+1_2i
Um: mfl_vmf?)_'_--'i%q:‘/l
m=0 (IIlOd 4) Um =2 Zz/fl Vm+2_4i
Um = 2(Vm—2 + Vm—G + Vm—lO + ...+ ‘/2)
m=2 (mod4) Un, =24V 0 si+1)
Un=2Vin—2+ V6 + Vin—10+... + Va + 1)
modd 2™ = Zz(mo 0 (z)(_l)ivm—% + (mf%)(_l)(m)/z
2" = Voo — (M) Vo + (§) Vinea — .. £ 2((mj”1)/2)
m even 2m = S (b2 (") (=1) Vs
27 = Vi = (1) Vo + (5 Vi = o (1)
(PR) IV.11



(Ph) (P/,) = +1 when p = £1 (mod 8)
(/) = —1 when p = £3 (mod 8)
(PR) IV.13 Uy, = 23¢~V/2U, (mod p)
Uye = 23P=1¢/2 (mod p)
Up = (P)p) (mod p)
)IV.14 'V, =2 (mod p)
YIV.A5 k> 1 U, | Us
(PR) IV.16 n,k > 1,k odd V| Vi
(p) n > 2, if exists r > 1 such that n | U,, thenp(n) is the smallest such 7.
) IV.18 U, =n (mod 2)
V., =0 (mod 2)
) ) =p— (%)
(PR) IV.19
p==1 (mod 8) p|Uyp) = Up
p(p) [ ¥(p) =p—1
p==+3 (mod 8) p|Upgy = Upes
p(p) [P(p) =p+1
(PR) IV.20 e > 1 such that p° | U, and p**' { U,
if ptk and f > 1 then pe*/ | Unnkep?
(PR) IV.21 n| U,

(PR) IV.22
p==£1 (mod 8) V,-1/2=+1 (mod p)
p=43 (mod 8) V,41/2=—1 (mod p)

(PR) IV.23

p=+1 (mod 8) p|Up-1)2
p=-+3 (mod 8) p| Vs
p=-3 (mod 8) p Uy
p=-1(mod8) p| V1)



(PR) IV.24 ged(Uy, V) =1 or 2

(PR) IV.30

p==£1 (mod 8) Upyp-1 = U, (mod p)
Viip—1 =V, (mod p)
The period is: p — 1.

p==£3 (mod 8) e order of —1(mod p) 7777
Untept1) = Un (mod p)

Vn+e(p+1) = Vn (HlOd p)
The period is: e(p+ 1).

1.2 Edouard Lucas and Primality Testing

(HCW) 4.2.12

m-n even U2 —U?=UpinUn-n
V2 —V?2=8UpninUn-n

m-n odd U2 +U%=UninUnn

V2 V2 = 8Un U
(HCW) 4.3.2  p* # 2 ,if p* || U,, then p* || U

(HCW) 423 2Upsn = UpViy + ViU,
Woin = ViVio + 8Un Uy,
(HCW) 425 V2 —8U2 = 4(—1)"
(HCW) 42.9  Upin = ViuUn + (=1)" Uy
Vipsn = 8UnUp + (=1)" Vi
(HCW) 4.2.13 V2 — (=1)™ V2 = 8(U2 — (—1)™"U2)
(HCW) 4.2.23 16Uy, = V2, — V2

n n—1

205, = U3+1 - U2—1

n



1.3  Other properties

MathWorld ~ The Pell Equation: 2% — 2y? = 1 is linked with
the continued fraction: v2 =[1,2].

With: n>1,P, = Q, = 1,a, = 2, the solutions (p,, ¢,)
of: p2 —2¢2 =1 are: n odd,p, = (Vii1)/2,¢n = Upy1.

() Vn(vm(Pa Q)7Qm) = Vnm(Pv Q)

L5 fniy o2
(R. Ram) U, =2) .3} (?—11) o

(R. Melham) U2 + U, U, 1 = V2/4
VnQ + Vn_1Vn+1 = 16U2

n

Binomials 1 0<k<p (?)=0 (mod p)

0<k<p (")) = (=1)* (mod p)

1.4 New (?) properties
(TR) ? 2U, =31V,
V, =244 00U,
(TR) 1 Vn + Vn-i—l = 4Uvn—f—l
VnJrl -V, =4U,
Proof: Use (PR) IV.5b and IV.1 . Same as (PR) IV.5
(TR) 2 V2+ V72, =8Us1
Proof: Use (PR) IV.2 and IV.5a .
(TR) 3 U2+ U2, = U1
Proof: Use (PR) IV.6a and IV 4a .
VE+ V2,
Un +Una
Proof: Use (TR) 2 and 3 .
(TR) 5 Vign + Vipen = 8UU,  (nodd)  (for m > n)
Vinin + Vi = Vil Vi (n even) (for m > n)
Proof: Use (PR) IV.4b and IV.3b .

=38



(TR) 6 Unin +Uppn=VyU, (nodd) (form >n)
Unin+Un-n=U,V, (neven) (form >n)
Proof: Use (PR) IV.7 and IV.3a .

(TR) 7 U2, —U2  =Uy,Uy (form >n)

m—+n
Proof: Use (PR) IV.3 and IV.7 .
V2+ - V2

m-n m—n — >

2 2
or: g”g ‘6;92 =8 (form—mneven >0)
Proof: Use (PR) IV.6b and (TR) 7 .
(TR)9 V2, —Vz2_ . =8Us,ls, (form>n)

Proof: Use (TR) 7 and 8 .

V2+V,3_ B
e 8 (for m —n odd )

Proof: Use (PR) IV.6b .
V2+V2=8UpninUn_n (form—mnodd >0)
Proof: 7777 .

U2 +U%=UpinUnpn (form—mnodd >0)

Proof: 7777 .

(TR) 9 bis

(TR) 10 Upn =[5y Var  (forn > 1)
Proof: Use (PR) IV.2a .

(TR) 11 Va, = 2(4U% + (=1)") (forn > 1)
Proof: Use (PR) IV.3b and IV.6b .

(TR) 12 Van =2(4U3,_, +1) (for n > 2)
Proof: Use (TR) 11

(TR) 13a Vi = 2(4(T[1=3 Vas)? + 1) (for n > 2)
and: Von =2 (mod 22"t1)  (for n > 2)
And thus, the factors f; of Van /2 are of the form: f; =1 (mod 2"2)
Proof: Use (TR) 11 and 12 .



(TR) 13b n even
Uznp1 = Upa Vi — 1
Usypo1 = UV + 1
Vang1 = Vo Vi — 2
Von—1=VaVi1 + 2

Proof: (PR) IV.3.

(TR) 13b n odd
Upnis = Upia Vi + 1
U1 = UV — 1
Vong1 = Vot Vi, + 2
Vo1 = Vo Voy — 2

Proof: (PR) IV.3 .

(TR) 13c % = —1 (mod 2"™')  (for n > 2)

@ = +1 (mod 2"*!)  (for n > 2)

Proof:

This is true for n=2: Voo_; = 2(23 %1 — 1), Vo = 2(1 + 23 % 5)
Thus by (TR) 13b:

Voni_y = VanVan_y 4+ 2 = 2[2(1 + 22k2) (2" k_y — 1) + 1]

and: V2n+1 1= 2(2n+2k‘/ 1)

Vanipq = Van Vonyg — 2 = 2[2(1 + 22k2) (1 + 2" kyq) — 1]

and: Vont1,1 = 2(1 + 2n+2/€ﬁr1)

(TR) N1 V, =2(230, U; +1)
Proof: (PR) IV.1 and (PR) IV.5f .
(TR) N2 20, = X1 Vi

Proof: 7777



(TR) N3 2U2=S"2""U; n even
Proof: 7777
V2=4321U; nodd
AT Ui = Vo= Vi
Proof: 7777
(TR) N4 2 Z?zo U= Z?:l Vai
Proof: 7777
QEZiZJIIQ ::EZZZOL§H4
Proof: 7777
(TR) N5 4322 Ui + 2Uspi1 = 3201 Vi
Proof: 7777
Uspp — Ugpm1 = 2 Z?i%_l) Ui +1
Proof: 7777
Z?:[) UZ = %(Un—f—l + Un - 1)
Proof: 7777
(TR) 14 Vo1 =V, =2V,
Proof: Use (PR) IV.3b .
(TR) 15 Un+2 - Un72 - vn+1 - anl - 2Vn
Proof: Use (PR) IV.10 and (TR) 14 .
(TR) 16 Uyi1+U,1 =V,
Proof: Use (PR) IV.10 or IV.3a . (Same as (PR) IV.5)
(TR) 17 2§:Zj)U?:::UﬁU%+1
Proof: 77
(TR) 18 230 (V2 = Vapn +4+2(=1)"
2 Z?:O ‘/;2 - VnVn+1 + 4
Proof: 77

(TR) 19 237" Ui = Uy + Upyr — 1
Proof: 77



(TR) 20

or

(TR) 21

(TR) 22

or

or

(TR) 23

(TR) 24

(TR) 25

22?_0‘/' — V + Vn+1

23 Vi =V — Vi
Proof: 77

2> " iU =nU, + (n—1)Upsr + 1

230 iVi=nV, + (n— 1V, + 2
Proof: 77

U, =21+ 3220,
V=20 430, n>1
V, =242 oY, n > 2
V, =204 2nl qon2 S Sy >3

Proof: A. T. Benjamin and Jennifer J. Quinn for U,, property:
"The Fibonacci Numbers - Exposed More Discretely”

o (7) Vs = 8"V

320 (7) Vai = 87Van

Prooft:

Vom = 2(2™% — 1) (mod (2m + 1)) When 2m + 1 is prime.
Proof: Vo, =231 (37)20 =237 2 (mod (2m + 1))

0<2i<2m : () =(-1)*=1 (mod (2m + 1))

See (Binomials 1)

For: m = 22"~1, F, prime = 2% '*1=1 (mod F,) .

S 1 Zz —o Uz H] i1 Vo

i=0 Uy = Ugnit

Zn 1 1+ Z =0 H] =3 ‘/2]
i=0 ng Usn

Proof:
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(TR) 26

(TR) 27

(TR) 28

(TR) 29

(TR) 30

(TR) 31

L+ 3o I Vs = Ugnin g + Vania
on=1+>1r,2i=n*+n+1

L+ Il Vo = Uy, + Vo, + Xo,

X, =Xo=0, Xg=4%1, X, =4%1182 , X5 = 4 % 7955627...
Proof:

Vo (Untm + Vasm) = (Un + Vi) Q" = Uz + Vangm

nezZ, melz

Var (Usnm + Vangm) = (U + Vi) (=1)" = Upnt g+ Vontt g
neN,meJZ

Proof: (PR) IV.3

L@ﬂ(£5n41'+’vén41) + 1 =Upn+1_y + Vont1_4

Uon (8Uzn_1 4 Van_1) — 1 = Ugns1_q + Vant1_4

Lﬁn—l(Slﬁn —'L@n) +'V3n—1(55n —’Lén) =2

Proof:

W,=—=U,+V,),ne”Zz

2227 Wi+ 3o Tl Vo + 2oy Win T1s Var = Uzt + Vansi g
Proof: C’est faux !!
V> = 8Un_1” = 2Vop 4
Proof: 7?7
Vo=,V =V, ,n>1
Let: /Lz::222g372V4JVL+01mm1®+2
U,= A, , neven.

U,=A4,+1, nodd

Proof: 77
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(TR) 32 80U Y1) Usizo = Vin—z — Vo
8U2 310 Usipr = Vi1 — Vi
8Us Z?:_ol Usiva = Vinto — Vo
8Us 2?2—01 Usirz3 = Viny1 — V1
Proof: 77
(TR) 32 Vipyp — Vo = 8Us 3.0 Uivoya b=—2...1
Proof: 7?7
(TR) 33 Vanis — Vo =8Us 300 Usipra b= —4...3
Proof: 77
(TR) 34 Vanyp — Vo = 8Usio1 315 Unbiyppons b= =281 2671 —1
Proof: 77
(TR) 35 V22n+1 =2 Z?Zo Vaiv
U22n = Z?Z(;l(—l)iHUmﬂ
Van = 230070 Vaigr +2
Uz = 23070 Unip
Vont1 =230 Vai — 2
Usnp1 =2 Ui + 1

Proof: 77

2  Pell numbers modulo a Fermat number

We describe hereafter the properties of the Pell numbers modulo the Fermat
numbers Fy, F3, Fy (primes) and F5 (composite).

2.1  Pell numbers (mod F})

There is a period of 16 = F» — 1 amongst the values of U; and V; (mod F3).
We also have the following symmetries:

U8+Z' = —UZ , ‘/8+i = —‘/; s U8+i‘/8+7; = Uz‘/z fori=0...7.
U4j+i = (—1)i+j_1U4j_i y ‘/4]'_,_2' = (—1)i+j‘/4j_i for Z,] =1..4.

12



1 Up | Upn|F5] Vi | Vol B3] 1 Upn | UplF] Vi | Vol B3]
0 0 0 2 2| 8 408 0 1154 15
1 1 1 2 21 9 985 16 2786 15
2 2 2 6 6 | 10 2378 15 6726 11
3 5 5 14 14 || 11 5741 12 | 16238 3
4 12 12 34 0| 12| 13860 51 39202 0
5 29 12 82 14 || 13 | 33461 51 94642 3
6 70 2 198 11 || 14 | 80782 15 | 228486 6
7 169 16 478 2 || 15| 195025 1| 551614 15

16 | 470832 0| 1331714 2

17 | 1136689 1| 3215042 2

Table 2: F,
Examples:

Ug=-Uy, Vis=-V;, UiVo=UypVip =12
U5E_U37UGEU27‘/5E‘/E’>7‘/GE_‘/2-

Noticeable values: Uy = 2! | V5 =23 — 2! Uye =23 + 2?2 (mod F).

2.2 Pell numbers (mod F3)
Now, the period is: 128 = % .
We find for F3 the same kind of symmetries we had for F; :
Usari = —U; , Voari = —Vi, UsayiVoari = UV for i = 0...63.
Usgji = (—1) 7 Wagjy , Vagjpi = (—1)Vag;; for i, j =1...32.

Examples:
Uss = —Uy, Viso = —Viss, UsoVeo = Ur24Vi24 = 106 .
Usz = —Usi, Usgs = Uss, Vo1 = V3, Vig = —Vig .

Noticeable values: Ujg = 23, Vig = —(26—2%) , V3, = 25Fy , Uy = 2° 21 =

21F2 (mod F3)

2.3  Pell numbers (mod F})

Now, the period is: 8192 = % :
We find for Fj the same kind of symmetries we had for Fy and Fj.

13




OB ViE T i | U | Vil
0 0 2 64 0 255
1 1 2 65 256 255
2 2 6 66 255 251
3 5 14 67 252 243
4 12 34 68 245 223
8 151 126 72 106 131
16 8 197 80 249 60
24 86| 24 ss| 171|233
31 223 136 95 34 121
32 34 0 96 223 0
33 34 136 97 223 121
40 86| 233 104| 171 24
48 8 60 || 112 249 197
56 151 131 || 120 106 126
60 12 223 || 124 245 34
61 252 14 || 125 5 243
62 2 251 || 126 255 6
63 256 2 127 1 255
128 0 2
129 1 2
Table 3: F

14




i | UplFy) | Va[Fa i | UnlFy] | ValFy)

0 0 2 || 4096 0 | 65535

1 1 2 | 4097 | 65536 | 65535

2 2 6 || 4098 | 65535 | 65531

3 5 14 || 4099 | 65532 | 65523

4 12 34 || 4100 | 65525 | 65503
1024 | 65409 | 4080 || 5120 128 | 61457
2046 6168 | 49089 || 6142 | 59369 | 16448
2047 | 63481 8224 || 6143 2056 | 57313
2048 2056 0| 6144 | 63481 0
2049 2056 | 8224 || 6145 | 63481 | 57313
2050 6168 | 16448 || 6146 | 59369 | 49089
3072 | 65409 | 61457 || 7168 128 | 4080
4092 12 | 65503 || 8188 | 65525 34
4093 | 65532 14 || 8189 5| 65523
4094 2| 65531 || 8190 | 65535 6
4095 | 65536 2 || 8191 1| 65535
8192 0 2
8193 1 2

Table 4: F}
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Noticeable values: Ujgoa = —27 , Vigaa = 22 — 24 | Uggug = 24F5 , Vagug =
—26F3 s U2047 = —23F3 s ‘/2047 = 25F3 s U211 = 211 + 23 = 23F3 (mod F4)

2.4  Pell numbers (mod Fj)
i U.[F5] V.[F) i U [F5] V.[F)
0 0 2| 5583680 0 | 4294967295
1 1 2 || 5583681 | 4294967296 | 4294967295
2 2 6 || 5583682 | 4294967295 | 4294967291
3 ) 14 || 5583683 | 4294967292 | 4294967283
4 12 34 || 5583684 | 4294967285 | 4294967263
1395920 | 4294934529 16776960 || 6979600 32768 | 4278190337
2791837 | 4236246145 | 167774720 | 8375517 08721152 | 4127192577
2791838 25166208 | 4227857409 || 8375518 | 4269801089 67109888
2791839 | 4286578561 33554944 || 8375519 8388736 | 4261412353
2791840 8388736 0 || 8375520 | 4286578561 0
2791841 8388736 33554944 || 8375521 | 4286578561 | 4261412353
2791842 25166208 67109888 || 8375522 | 4269801089 | 4227857409
2791843 58721152 | 167774720 | 8375523 | 4236246145 | 4127192577
5583676 12 | 4294967263 || 11167356 | 4294967285 34
5583677 | 4294967292 14 || 11167357 o | 4294967283
5583678 2 | 4294967291 || 11167358 | 4294967295 6
9583679 | 4294967296 2 || 11167359 1| 4294967295
11167360 0 2
11167361 1 2
Table 5: Fj

Here, the period is: 11167360 = 27 x 5 x 17449 .
Since: Iy = fix foand f; = 641 = 14+5x27 | fo = 6700417 = 1+3x17449x 27

, it appears that the period is equal to: ((fi — 1)(f2 —1))/(3 x 27).
We also observe the same symmetries we saw with Fj,,n = 2,3,4 .

Noticeable values: U2791840/2 = 20 , ‘/2791840/2 =28 x FO X Fp x Fy X F3 s

Usrorsss = 3 X 27Fy , Vargisss = 2'°Fy , Uszoiszg = —27Fy , Vargisgg = 2°Fy
Uszorsao = 2% + 27 = 27Fy (mod F5).
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2.5 Properties linked with ...

(TR) 14 Relationships with Fermat numbers.

Vo =0 (mod Fy)
and ‘/21 =6= 23><1 — 21 = 2F0 = (F() - 1)(F1 — 2) (mod FQ)
and 62 —2=2(2! — 1) F}

Vos =0 (mod F3)
and ‘/24 =60 = 23X2 — 22 = 4FOF1 = (Fl — 1)<F2 — 2) (mod Fg)
and 60? — 2 =2(2% — 1)F;

Vouu =0 (mod Fy)
and ‘/210 = 4080 = 23X4 — 24 = 16FOF1F2 = (FQ — 1)(F3 — 2) (mod F4)
and 4080% — 2 =2(2" — 1)F}

Vysxan—2_1 =0 (mod F),) iff F), is prime 77
Let: a,, = 222" =927 = 92" "2 F, = (F, o — 1)(Fy — 2)
()2 —2=212"""1—1F, (forn>2)
Il faut montrer:
F, prime = F,, | Ve
(PRIV.3 Upin = Uy (mod F,) n odd

Unin =—Un_pn (mod F,) n even

I =F—1
1= (F,—1)/2t =22

Let:

T F= (B -1)/22

Sm = (F, —1)/2™

(TR) X1 U1 +UsH .+ Uz =0 Uy =0 (mod F)

=1 or 2.
Proof:

If § is prime then: Uz =0 (mod F),).
By (RTR) N3a, we have:
Sy MU= U+ Us + S5 (Ui + Usas) =202 =0 (mod F,)
Since: Uy + Uz =0 (mod F,,) then:
T Ui+ Usii) = S0 (Usrai + Usoa) + 200 (Ussaien) + Us—(ien))

By (PR) IV.3 n even: ZZ;; (Ugy2i + Uz—2;) =0 (mod F,,) and:

17



S Ussivn) + Us—@ivn) = 2300 Usia
Finally: U1 -+ U3 + ...+ Ugfl = 21:1(; U2i+1 =0 (HlOd Fn) O

Us, =0 (mod F,)
N3a = Y2510, = Uy + Us, + X5 (Ui + Ugy ) = 2U2, =0 (mod F,)
Up+ Uz, =0 (mod F,)

D Ui+ Usii) = X027 (Usys2i+ Usy—2) + 3020 (Uit i) + Us— isn))

i&i;l(U&—in + Uz, —2;)) =0 (mod F,)

S M (Usit i) + Ugi—@ivn) = 235020 Uni

Finally: Uy + Us 4 ... + Uz, 1 = Y252 Ugiss =0 (mod F),)

3 Properties of the LLT

Let'ssay: L(x) =22 -2, L' =L, L"=LoL™'=LoLoL...0oL.
Where £ is the function used in the Lucas-Lehmer Test (LLT) : S =
4, Sit1=S52—-2=L(S;); M, isprime <= S, 5 =0(mod M,).

Let s call C; the sum of the positive coefficients of £"(x) and C,, the sum of
the negative coefficients of L™(z) . C =1, Cf =3, Cf =23, C = 1103 .

Numerical experiments show the following properties (where F,, = 22" + 1 is
a prime Fermat number, and M, = 2¢ — 1 is a prime Mersenne number):

Ch isodd,and C)} +C,=-1, for m>1 LLT.1

m

m—1
ch=2"][c¢ -1 forrm>1 LLT.2

i=1
Ct =3 (mod5) forrm>1 LLT.3
p prime, p |Ch <= p=2"3k —1(k odd), or p=2""3k' +1 LLT4
The period of C. (mod F,)is: 2*—1 n>1 LLT.5

H C =1 (mod F,) LLT.6

CH_ = -2 (mod F,) for: m>1 LLT.7

m=1 (mod 2"—1) —

18



The period of C} (mod M,)is: ¢—1 for: ¢g=1 (mod4) LLT.8
Ch=21"" (mod M,) for: m>gq and: ¢=-1 (mod4) LLT.9
CH=27—1 (mod 2% for: m>gq LLT.10

Properties LLT.5, LLT.6 and LLT.7 could be used as a primality test for
Fermat numbers, and properties LLT.8 and LLT.9 could be used as a pri-
mality test for Mersenne numbers, once proven ...But they would not lead
to a faster test than Pépin’s or LLT tests.

Examples:

L2(x) =2t —42® + 2

L£3(x) = 28 — 82° + 202" — 1622 + 2

L(x) = 20 — 162 + 104212 — 35220 + 6602° — 67225 + 3362 — 6422 + 2

Cy=4x1-1=3,
Cqi=8x1x3—1=23,
Ci=16x1x3x23—1=1103,

CH =32x1x3x23x1103 — 1 = 2435423

n>1

.F1:5
n>2:Cr=3=(F1-2+ Fy)/2=—2(mod Fy)

ofy, =17

n=0(mod 2> — 1) : CF
n=1(mod 2> —1):CF
n=2(mod 22 — 1) : C}

o F3 = 257

n = 0(mod 2% — 1) 136 = (Fy — 2 + F'2)/2 (mod F3)

n=1(mod 2% — 1) : C;F = —2(mod F3)

n =2(mod 2% — 1) : C;F = 3(mod F3)

n = 3(mod 2° — 1) : C;f = 23 (mod F3
( )
( )
( )

6= (Fy,—2+F))/2—4(mod F?)
-2 (IﬂOd FQ)
3 (mod F3)

:CF

n

:CF

n=4(mod 23 —1):CF =75
n =5(mod 23 — 1

)

n ( )

:CF =91 (mod F3)

n = 6(mod 23 — 1 ( )
oF) = 65537

:Ct =38

n

n=0(mod 2* — 1) : CI = 32896 = (F, — 2 + F3)/2(mod F})
n=1(mod 2* — 1) : C;f = —2(mod F})
n =2(mod 2* — 1) : C;F = 3(mod Fy)
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n = 15(mod 2* — 1) : C;/ = 23133 (mod F})

oFy: 3x6=1(mod Fy)
ofy: 3x23x75x91 x38x136=1(mod Fj3)
oF,: 3x23x 1103 ... x 32896 = 1 (mod F,)

4 NSW numbers

Wozslzlu W1:S3:77 W2:S5:417 W3:S7:239

n |01 2] 3 4 5 6 7 8
W, | 1| 7|41 ]239 | 1393 | 8119 | 47321 | 275807 | 1607521

Table 6: First NSW numbers

L§n+1(27__1)
2

W, (6,1) = Sopq1 = MWo=1, W =7

Sopt1 prime = 2n + 1 prime
Sy is prime for: 3,5,7,19,29,47,59, 163,257, 421,937,947, 1493, 1901, 6689, 8087, 9679.
S, is PRP-prime for: 28953, 79043.

2n—1

Won = W7 = > W,
=0

2n—1

Wont1 = WalWoin = > W,

=1
W2+ W2 =6W, Wy +38

W2

n+1

- Wz—l = Wn(Wn+2 - Wn72>

W = Vagant1)(2, =1) — 2
no 4
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