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I’'m looking for a complete proof for the following conjecture:

Conjecture 1 M, =29—1. Sy =32+1/3% S;;1 =S —2 (mod M,)
My is a prime iff S;—1 = Sp (mod M)

And we have: H(ll_l Si =1 (mod M,) when M, is prime

I perfectly know that this test cannot speed up the proof of primality of
a Mersenne number. But the method used for proving it could be used to
prove that a Mersenne is not prime faster than the classical LLT. Or it could
be used for other numbers for which no LLT test does exist.

This conjecture makes use of the properties of the cycles of length ¢ — 1 that
appear in the Digraph under z? — 2 modulo a Mersenne prime ; though the
LLT makes use of the properties of the tree of the same Digraph.

It has been checked with huge values of q.

Thanks to the help of H.C. Williams, who suggested me to use the little
Fermat theorem, the first part of the conjecture has been proved.
Now, how can we prove the converse ?

1 Definitions

The first part of the proof makes use of the Lucas Sequence method, as
described in many papers and books, like ” The Little Book of Bigger Primes”
by Paulo Ribenboim or like ”Edouard Lucas and Primality Testing” by Hugh
C. Williams.

Here after, (a | b) is the Legendre symbol.

All references to theorems apply to properties of Lucas Sequences as given
by P. Ribenboim in his book ”The Litlle Book of Bigger Primes” in 2.1V
pages 44-etc .

Since ¢ is prime, we have: M, =1 (mod 6q) .

Let: 3=3%and a=1/8 (mod M,) .
Since M, is prime, o is the only integer such that 0 < a < M, .



There are an infinity of o > M, such that a = o (mod M,).
Here below, we explain how to compute & and some « .

When ¢ = 1 (mod 3) and since ¢ is odd, we have: ¢ = 1 (mod 6) . Thus
My, =291 —1 =260+ = 2232k _ 1 =1 (mod 9) . Thus 8M, +1 = 0
(mod 9) = 9a and a = 8M§+1 =1/9 (mod M,) .
When ¢ = 2 (mod 3) and since ¢ is odd, we have: ¢ = 5 (mod 6) . Thus
M, =29 —1=20kt5 = 32(2%)%* — 1 =4 (mod 9) . Thus 2M;+1 =0
(mod 9) = 9 and a = QMSH =1/9 (mod M,) .

With g > 5, we always have: < a <« .

P=a+p
Q=af =1 (mod M,)
VD=a-§

And thus v/D always is a non-null positive integer.
And thus: D = P2 —4Q = (a — §)* = P2 — 4 (mod M,) always is a square.

Un(P,Q) =U, = a":"" =PU,_1 —QUy_o, Uy=0, U3 =2.

«

Va(P,Q)=Vp=a"+ " =PVp1 —QVpe, Vo=1, V1 =P

(D | My) =1 since D is a square.

Let: o = (Me

Ifg=1 (m od 3) then a = (6gk)? and ged(P,Q) = 9 x ged((2¢k)? + 1,9).
Since #2 = 2 (mod 9) has no solution, then: ged(P,Q) =9 .

) . It is easy to see that « =1/9 = & (mod M,).

If ¢ =2 (mod 3) then a = (1+3k)? and ged(P, Q) = ged((1+3k)%+9, (1+
3k)?). Since z | (1 +3k)? and = | (1 + 3k)2 +9 only if z = 3 or x = 9 and
since 311 + 3k then ged(P,Q) =1 .

Let’s define: S, = Van.
It means: S, = S22 (mod M), So=Veo=V1 =P

So: Sg—1 = Sp (mod M,) is equivalent to: Vg1 =V (mod M) .
2

2 M,is aprime = M, |S,.1— 5
Now, lets try to prove: M, is a prime = M, | VMq+1 Vi

Since M, is a prime and (D | M,;) = 1, the period of (U,) and (V,,)
(mod M,) divides My —1 .



And thus: Vi, = Vi = P (mod M) and Vi, 41 = Vo = P? —2 (mod M,),
and Uy, =1 (mod M,) .

By IV.2b, Vi . = Va1 +2=Vo+2=P*=V{¥ (mod M,) .
T2

So, either we have: My | Vg1 — Vi or My | Vg + V1 .
2 2

Mqg— Mqg— —
Now: Vig-1 = a2 1 +8 % = (3Ma—1) 'y Mot (mod M) .

2
Since M, is a prime (and thus coprime to 3), by Fermat little theorem we
have: 3Me=t =1 (mod M) .
And thus: Vag1 =171 +1=2 (mod M,) .

2

First: since @ = a8 = +1 (mod M,) ; since D = (-80/9)? = (34311)2
mo ; and since 1s prime, that proves the condition o . :
(mod M) d si M, i i h h diti f IV.23

M, 12QD .

Now, by IV.23, ¢(My) =My — (D | My) =M, —1.
And then: Unmg—1 =0 (mod M,) .
2

Now, by IV.5b, we have: Vay—1 = 2Unmg+1 — PUng—1 .
2

2 2

Since Unmy—1 =0 and Vimy—1 =2 (mod M) , then Ung+1 =1 (mod M,) .

2 2 2
By IV.7a, we have: Unmg+1 Vi — UiVmg+1 = 2Umg—1 (mod M) and thus:
2 2 2
Vo1 =P x1—-2x0=P (mOdMq).

2

So we have: Ung—1 =0, Umg+1 =1, Vg1 =2, Vger = P (mod M)
2 2

proving that thereriod of (Uy) and (V;,) (mod M,) eczluals (Mg —1)/2!

So, at the end: V41 = P=V; (mod M) and thus: My | Vag+r — Vi .
2

2

And, equivalently: M, | S;—1 — So .

3 M,|S;1—S)= M, is a prime

And then, more difficult ! How to prove the converse ?
I have no idea yet ... Only some divisibility results.



4 Examples

Ms =31
I6] =
a =100 =7 (mod Ms;)
q=>5 P = a+p =109 =16 (mod Ms5)
Q = of =900 =1 (mod Ms)
ged(P,Q) =1
D = P?—4 =912 =4 (mod Mj5)
(mod Ms) Sp =16 5 6+ 35 755" 16
M =127
B =9
a =1764 =113 (mod My)
q="7 P = a+p =1773 =122 (mod My)
Q = aff =15876 =1 (mod My)
ged(P,Q) =9
D = P-4 =17552 =21 (mod My)

(mod M) Sp = 122 +5 233 1945 105 5 101 2 39 °5% " 122

Mis = 8191
B =9
a = 7452900 =7281 (mod Mj3)
=13 { P = a+p = 7452909 =7290 (mod M)
Q = aop = 67076100 =1  (mod Mi3)
ged(P,Q) =9
D = P2—4  =74528012 =888 (mod Mi3)

(mod Ms) Sp = 7290 5 890 = 5762 +> 2519 +> 5525 > 5957 v 2435 5
7130 2 3552 % 2562 A2 2851 AL 2727 R4 7290



